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Abstract. Low strain detection, an indirect and nondestructive testing method, is one of the main 
pile integrity testing methods. We propose low strain testing analysis based on a synchrosqueezing 
wavelet transformation (SST). Through a typical model pile test, the SST is applied to identify 
pile bottom signal reflection time and to separate signal from noise. It is also compared with the 
conventional wavelet de-noising and the empirical mode decomposition (EMD) de-noising 
method. Results show that the SST technique can be used to identify the reflected signal of the 
pile bottom, achieve signal and noise separation, and improve signal-to-noise ratio. The method 
has significant advantage in low strain detection signal processing compared to other methods. 
Keywords: low strain testing, synchrosqueezing wavelet transformation, nondestructive testing, 
signal-to-noise ratio. 
1. Introduction 
Wavelet analysis is an emerging signal processing tool, and it has been extensively used in 
structural integrity assessment and damage detection [1-5]. In the aspect of structural integrity 
assessment, wavelet analysis has been applied to quality evaluation of pile foundation. Pile 
foundation is an important part of a deep foundation. The quality of a pile foundation is related 
directly to the safety of a project [6]. Thus, pile testing is an essential part of a pile foundation 
project. However, the pile is usually hidden underground or under water. Low strain testing, which 
is an indirect non-destructive technique, is a primary pile integrity testing method [7-10]. Low 
strain testing involves back analysis of elastic wave propagation and changing the degree of 
frequency of a spectrum is closely related to the internal structure of a pile. Wavelet analysis 
includes a multi-resolution function; thus, both the frequency and the time domain ensure a 
constant quality factor. Wavelet transformation has been used to analyze signals of pile dynamic 
testing and obtain specific effects [11-14]. In low strain testing, the wavelet can de-noise through 
the frequency domain filter to eliminate noise and reconstruct the signal, thereby obtaining a high 
signal-to-noise ratio (SNR). Wavelet transform results also vary in different mother function 
analyses. To obtain the best signal analysis results, the effects of the analysis results with different 
mother functions are compared, such as stress wave detection for less obvious damage of pile. 
Cao et al. proposed Shannon entropy measurement to determine the optimal mother wavelet [15]. 
Daubechies recently proposed a synchro squeezing wavelet transformation (SST) based on a 
continuous wavelet transform. In SST, wavelet coefficients are squeezed in a time-frequency 
domain. A SST algorithm obtains an instantaneous frequency even if a function is nonharmonic 
[16-18]. The proposed technique has been introduced for use in signal time-frequency analysis in 
seismic exploration, machinery diagnostics, bioinformatics, and other areas [19-22]. By 
comparing the results with other time–frequency analysis methods, the SST algorithm can increase 
the accuracy of analysis; the selection of the mother wavelet has no significant effect on the results 
of the analysis. For example, Herrera et al. used SST for time-frequency analysis of seismic data 
and compared the results with those from the complementary ensemble empirical mode 
decomposition (CEEMD) method [23]. Even in complex situations, SST can also identify the 
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instantaneous frequency of seismic signals. In concrete ultrasonic testing, Avanesians and 
Momayez proposed using the SST to reconstruct ultrasonic signals within a certain frequency 
range, as it could accurately obtain the initial time of the reflected signal [24]. In the diagnosis of 
structural health, Ren and his colleagues applied the SST to recognize the time change of damage 
in simply supported beams [25-28]. Their results showed that the method could effectively 
identify the damage in the structure. Thakur et al. also applied the SST to paleoclimate analysis in 
geographical research [29]. The authors demonstrated specific implementation processes in 
practical analyses. Studies have shown that the SST method has high robustness and resolution. 
Li and Liang proposed a generalized synchrosqueezing transform (GST) based on SST theory, 
which is used in machinery fault diagnosis [30]. Their experimental results showed that the GST 
could effectively monitor the working condition of a gearbox. In biological signal analysis, 
Yi-Hsin et al. used the SST to estimate the instantaneous frequency of electrocardiogram (ECG) 
signals. Their research showed that instantaneous frequency error was small [31]. The foregoing 
studies demonstrate that the use of the SST algorithm for processing low strain testing signals, 
analyzing time–frequency characteristics, and studying the effects of low strain testing signal 
processing significantly influence the signal level of low strain pile testing.  
In this study, low strain testing and SST theory are first introduced. Then, the SST is used in 
signal processing of low strain pile testing. The SST is used to process the detection signal in a 
pile model experiment. The pile bottom reflection time is identified in accordance with its 
time-frequency characteristics. Finally, the SST algorithm is used to process a signal with a strong 
noise background to test its de-noising ability. 
2. Methodology and theory 
2.1. Low strain testing 
Generally, the length of a pile is greater than its width. In low strain conditions, a pile can be 
simplified to a one-dimensional elastic body. When the impact load is on top of the pile, the pile 
body produces stress waves (Fig. 1) and its propagation characteristics conform to a 
one-dimensional wave equation [32]: 
∂ଶݑ
∂ݐଶ = ܿ
ଶ ∂ଶݑ
∂ݔ , (1)
where ݑ is displacement, ݐ is time, and ܿ is the elastic wave velocity. 
 
Fig. 1. Low strain testing sketch:  
A – sensor, T – pile body, S – soil, H – force-hammer; E – signal analysis system 
During low strain testing of pile after power hammer excitation, a stress wave is generated and 
spreads downward in the pile. When the stress wave encounters the wave impedance surface, 
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transmitted and reflected waves appear. The transmission and reflection of energy depend on the 
wave impedance of two different media, a condition that complies with the law of energy 
conservation. Wave’s propagation characteristics can be expressed as [33]: 
൝
ݒ௜ + ݒ௥ = ݒ௧,ߪ௜
ߩଵܿଵ −
ߪ௥
ߩଵܿଵ =
ߪ௧
ߩଶܿଶ ,
(2)
where ݒ, ߪ are vibration velocity and stress at the interface of the particle respectively; ݅, ݎ, ݐ are 
incident waves, reflected waves and refracted waves respectively. 
In accordance with Eq. (2), vibration velocity and section stress of the reflected wave can be 
preliminarily expressed as: 
൞
ݒ௥ = −ܨݒ௜,
ߪ௥ = ܨߪ௜,
ܨ = ݖଶ − ݖଵݖଵ + ݖଶ .
 (3)
From Eq. (3), the velocity and stress at the particle interface are associated with the reflection 
coefficient ܨ  that is determined by the wave impedance ݖ  that relies on the pile concrete 
cross-sectional area, velocity, and density. When the interface impedance indicates a great 
difference in the pile, the reflected signal detected is significant. Thus, the distance ܪ between the 
top and the bottom of the pile can be obtained by: 
ܪ = ܿ Δݐ2 , (4)
where ܿ is the elastic wave velocity, Δݐ is the time difference between incident and reflected wave 
on the pile top. 
The wave impedance of internal pile defects or interfaces is different from that of uniform 
concrete in the pile body. As a result, speed response amplitude and phase changes occur when 
elastic wave propagation takes place in the pile body. Analysis of the amplitude and speed phase 
can determine the position of defects and the integrity of the pile body, among other features, for 
evaluating the pile quality. 
2.2. SST theory 
The SST algorithm is based on wavelet analysis theory. In this study, ݂(ݐ) is processed by 
using the following wavelet transform [34]: 
௙ܹ(ܽ, ܾ) = න ݂(ݐ)
ஶ
ିஶ
1
√ܽ ߮
∗ ൬ݐ − ܾܽ ൰, (5)
where ܽ is the scale factor, ܾ is the time shift, and ߮∗(ݐ) is the complex conjugate of the mother 
wavelet. 
In the synchrosqueezing phase, where (ܽ, ܾ) → (߱௫(ܽ, ܾ), ܾ), the energy is converted from a 
time-scale plane to a time-frequency plane. The instantaneous frequency of ݂(ݐ)  can be 
preliminarily estimated as [35]: 
߱௙(ܽ, ܾ) = ൞
−݅ ∂௕ ௙ܹ(ܽ, ܾ)
௙ܹ (ܽ, ܾ) , ห ௙ܹ
(ܽ, ܾ)ห > 0,
∞, ห ௙ܹ(ܽ, ܾ)ห = 0,
(6)
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where ߱(ܽ, ܾ) is instantaneous frequency. 
Then, the synchrosqueezing value of wavelet coefficients is obtained by determining the 
wavelet coefficients in the central frequency domain: 
௙ܶ(߱, ܾ) = න ௙ܹ
஺(௕)
(ܽ, ܾ)ܽ௜
ିଷଶ݀ܽ, (7)
where ௙ܶ(߱, ܾ) is the wavelet synchrosqueezing coefficient. 
The time-domain signal can be reconstructed by using SST back-transformation, which is 
expressed as: 
݂(ݐ) = ℜ ቈܥఝି ଵ න ௙ܹ
஺(௕)
(ܽ, ܾ)ܽ௜
ିଷଶ݀ܽ቉, (8)
where ܥఝ = 1 2⁄ ቀ׬ ො߮(ߞ)ାஶ଴ ݀߫ ߫⁄ ቁ. 
When the signal is discrete, the wavelet synchrosqueezing coefficients are expressed as: 
௙ܶ(߱௟, ܾ) = ෍ ௙ܹ௔೔:หఠ೑(௔,௕)ିఠ೗หஸ୼ఠଶ
(ܽ, ܾ)ܽିଷଶ(Δܽ)௜, (9)
where ߱௟ is the central frequency in [߱௟ − ∆߱/2, ߱௟ + ∆߱/2]. 
In the same way, the time-domain discrete signal can be reconstructed by using SST 
back-transformation, which is expressed as: 
݂(ݐ) = ℜ ൥ܥఝି ଵ ෍ ௙ܶ(߱௟, ܾ)(Δ߱)
௜
൩, (10)
where ܥట = 1 2⁄ ቀ׬ ො߮(ߞ)ାஶ଴ ݀߫ ߫⁄ ቁ, ො߮(߫) = (1 √2⁄ ) ׬ ߮݁ି௜చ௧݀ݐ
ାஶ
ିஶ . 
3. Model testing 
One model pile is tested in the experiment. The total length of the pile is 200 cm, with four 
sections that measure 40, 20, 40, and 100 cm, respectively. These lengths correspond to the radii 
3.5, 2, 2.5, and 3.5 cm (Fig. 2). An RS-W pile dynamic testing instrument is used to test the model 
pile. The sampling time window and the sampling rates are set to 10.24 ms and 105 s-1, 
respectively. The sampling signal is shown in Fig. 3. 
 
Fig. 2. Model pile sketch (unit: cm) 
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Fig. 3. Low strain testing signal 
3.1. Signal recognition of the pile bottom reflection 
The low strain detection signal in Fig. 3 is transformed with the SST. The instantaneous 
frequency spectrum is shown in Fig. 4. The results of the analysis show that the signal frequency 
range is 0 to 6000 MHz. The signal energy in Fig. 4 is concentrated at the low frequency 500 MHz, 
intermediate frequency 2000 MHz, and high frequency 4000 MHz. For the three characteristic 
frequencies, the energy is most concentrated near the intermediate frequency 2000 MHz. 
 
Fig. 4. Instantaneous frequency spectrum of low strain testing signal with SST 
Three frequency bands were taken at 400-600 Hz, 1800-2000 Hz, and 4000-4200 Hz for SST 
inverse transformation. The signals within the three frequency bands can be reconstructed as 
shown in Fig. 5. 
Fig. 5 shows the reconstructed signal diagram. In Fig. 5(b), the low frequency band signal 
shows that no reaction interface is evident in the pile and the reflected signal is mainly from the 
background trend. In Fig. 5(c), the signal energy is concentrated and its peak overlaps with the 
original signal peak. With higher resolution, the part presents reactions at each interface in the 
pile. In Fig. 5(d), the high-frequency part shows that different interfaces in the pile have different 
reactions. 
Considering the high-frequency portion as a major research target, we compare it with the 
continuous wavelet transformation, as shown in Fig. 6. Fig. 6(a) shows several reflection peaks as 
different reflective interfaces that form multiple peaks about the original signal. If the pile length 
is known in advance, then the pile bottom reflection peak becomes difficult to recognize. The 
reflection time of the pile bottom must be determined. SST can be adopted for signal processing 
and for obtaining time-frequency characteristics. Fig. 6(b) shows the time-frequency contour of 
the signal after the SST transformation. In the figure, two red ellipse regions show two noticeable 
features at 4000 Hz; these features correspond to the reflection times of the top and bottom of the 
pile. Fig. 6(c) shows the scale and wavelet coefficients of a continuous wavelet transform.  
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Fig. 6(c) shows multiple peaks of reactions, but no apparent characteristics are indicated with 
regard to the reflected signal of the pile bottom. 
 
Fig. 5. Reconstructed signal in three frequency bands with SST:  
a) original signal, b) 400-600 Hz, c) 1800-2000 Hz, d) 4000-4200 Hz 
 
Fig. 6. a) Low strain testing signal, b) SST transform, c) wavelet transform 
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The time-domain signal is reconstructed by using SST back-transformation. In Fig. 7, the 
reflected signal is reconstructed from 4000 Hz to 4200 Hz, as in Fig. 5(d). The reflected signal of 
the pile bottom is strengthened, whereas the other reflected signal is suppressed. Reflected wave 
arrival time from the pile bottom is 3.35 ms, as green horizontal line marked in Fig. 7. The velocity 
is 1593 m/s and the initial wave time is 0.82 ms. In accordance with Eq. (4), we calculate the pile 
length as 2 m. The result is consistent with the actual pile length. 
 
Fig. 7. Reconstructed low strain testing signal 
3.2. Signal and noise separation 
With a low strain testing a signal against a strong noise background, the reflection time of 
wave impedance interface formation becomes difficult to identify. Fig. 8(a) shows the testing 
signal amplitude in the time domain against a strong noise background. The SST is used for signal 
and noise separation. In general, the containing noise signal is de-noising data minus the original 
noiseless data, and the ratio of signal to noise energy is regarded as the signal to noise ratio (SNR). 
We can use this parameter to measure the de-noising effect. The formula is [36]: 
ܵேோ =
‖ܯ‖ଶଶ
‖ܵ − ܯ‖ଶଶ, 
(11)
where ܵேோ is SNR, ‖⋅‖ଶଶ is square norm, ܯ is original noiseless data, ܵ is containing noise data. 
In Fig. 7(a), ܵேோ = 1.249. 
 
Fig. 8. a) Noise interference, b) SST de-noising 
The signal in Fig. 8(a) was processed using low-pass filtering SST. Fig. 6(b) shows the original 
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signal s0 and the processed signal ݏଵ; these signals have corresponding reflection peaks. The SNR 
increased from 1.249 (0.964 dB) to 10.796 (10.333 dB), and the SST de-noising effect was 
considered significant. 
To further study the effects of SST de-noising under different noise levels, we added different 
levels of random noises to the Fig. 3 data and used the SST method for de-noising, comparing the 
results with those from EMD and Wavelet threshold. In the process, the EMD method abandons 
high-frequency components and IMF1 (intrinsic mode function 1) and IMF2 (intrinsic mode 
function 2), and an adaptive threshold is adopted in Matlab wavelet de-noising. De-noised data 
can be obtained by all three methods, and SNR is calculated by Eq. (11) in the five noise level. 
Table 1 shows the effects of the three de-noising methods. From the SNR results in Table 1, the 
de-noising performance of the SST method is significantly better than that of the other two 
methods, and EMD and Wavelet threshold have similar effects. 
Table 1. Low strain testing signal SNR under different noise level 
Original signal SNR after de-noising EMD Wavelet SST 
2.13  9.78  9.61  20.13 
1.57  5.74  5.56  11.15 
1.09  4.54  3.84  6.71  
0.60  2.41  2.26  4.04  
0.28  1.30  1.17  2.91  
According to Table 1, the increase in the times of SNR can be obtained with the three 
de-noising methods, as shown in Fig. 9. In Fig. 9, the minimum increase in the times of SNR with 
SST is 6 and the highest value is more than 10. The result shows that the SST has good ability to 
remove noise. Even in a strong noise background, the SST can significantly improve SNR, and its 
performance is better than that of the other two methods. 
 
Fig. 9. Increase in times with low strain testing signal SNR under different noise levels 
3.3. Effect analysis of wavelet basis function 
The SST is based on conventional wavelet transformation, during which the wavelet function 
selection is involved. To study the effect of the wavelet basic function on the results, we selected 
three types of wavelet (Morlet, Mexican, Bump). Fig. 10 shows the findings of the basic function 
of the three types of wavelet. In Fig. 10(a)-(c), the squeezing wavelet coefficients in the 
time-frequency domains are in good agreement with each other. In the SST process for pile with 
a low strain detection signal, the wavelet basis function has less affects result. 
In our study of the de-noising effect of SST with different basis functions, the three wavelet 
functions are still the research object. In Fig. 11(a), a low strain test signal is under a strong noise 
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background (ܵேோ = 0.822). We tested the function of the three wavelets for low strain test signal 
de-noising. The result is shown in Fig. 11(b). 
 
Fig. 10. SST with different wavelet basis functions:  
a) Morlet wavelet, b) Mexican wavelet, c) Bump wavelet 
 
Fig. 11. a) Low strain test signal containing strong noise,  
b) De-noising results with three types of wavelet basis function 
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Fig. 11(b) shows that the results from the three different wavelet basis functions are highly 
consistent with the original signal ݏ଴. The selection of wavelet basis function has little influence 
on the de-noising effect. From Fig. 11(b), the SNR of the three wavelet basis functions can be 
obtained according to Eq. (11), as shown in Fig. 12. 
As evident in Fig. 12, the change in magnitude of the SNR is at the same level with the three 
de-noising methods. The original signal SNR increases dramatically. These findings further 
confirm that the SST has strong de-noising performance and the wavelet basis function selection 
is not greatly influenced. 
 
Fig. 12. SNR with SSTs of different wavelet basis functions 
4. Engineering application 
In one project involving pile low strain tests, we used the RS-K1616 pile inspection instrument 
in order to detect pile quality. The test site is shown in Fig. 13(a). In order to verify the SST 
methods for in actual engineering applications, the practical test data added to strong noise  
SNR = 0.261 (–5.838 dB), and the signal is shown in Fig. 13(b). In the case of strong noise, it is 
difficult to recognize pile quality. 
a) Pile test site b) Test signal containing strong noise 
Fig. 13. Pile test in one engineering 
In Fig. 13 (b), three methods (SST, wavelet de-noise, EMD) were adopted for de-noising, and 
the processing effects of these three methods were compared in practical engineering applications. 
After being processed, the results shown in Fig. 14 were obtained, and ݏ଴ is the original signal in 
Fig. 13. The results showed that noise was suppressed after using the above three de-noising 
methods, but the signal that was de-noised with SST was the most approximate to the original 
signal. Wavelet de-noise and EMD resulted in some de-noising, but their de-noising effects were 
less than that of the SST method. Based on Eq. (11), the signal SNRs are 3.101 (4.915 dB), 1.229 
(0.895 dB), and 1.258 (0.997 dB) after the use of three de-noising methods. The highest SNR is 
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the signal after SST de-noising. 
 
Fig. 14. De-noising results with three types of method 
5. Conclusions 
Low strain pile testing is considered a major dynamic technique for evaluation of pile quality. 
An SST algorithm is initially introduced into the signal processing of low strain testing. A typical 
model pile is tested, and an SST algorithm is used to identify the reflection time from a pile bottom 
and to separate signal from noise. SST is also compared with other methods for low strain pile 
testing signal. The following conclusions can be drawn: 
1) SST can analyze effectively the signal of low strain pile testing in the time-frequency 
domain; 
2) Through SST, the obtained frequency characteristics can be used to recognize the reflected 
signal of the pile bottom and determine the pile bottom reflection time; 
3) SST can suppress strong noise effectively, achieve signal-noise separation, and improve 
SNR; 
4) SST de-noising performance is better than that of traditional methods. The results are not 
significantly affected by the choice of wavelet function. The SST is an effective time-frequency 
method for low strain pile testing. 
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